Abstract. In this paper we have discussed about the region of convergence of a power series in p-adic field. We have investigated some sufficient conditions for which a power series has same radius of convergence with respect to both p-adic absolute value and usual absolute value on the field of rational numbers Q i.e., both in p-adic field Q p and real field R.
Introduction
For an ordered field F , the Archimedian property says that for any positive a and b belonging to F there exists a natural number n such that na > b i.e., a + · · · + a n times > b. If the Archimedian property does not hold, then the field is called non-Archimedean valued field. In this paper we have considered a non-ordered non-Archimedian valued field, particularly, the p-adic field denoted by Q p , which is a non-ordered and non-Archimedian valued field.
Our main interest is to find the answer whether the radius of convergence and region of convergence of a power series be same or not both in R and Q p . To this end we exhibit a power series f (x) = ∞ n=1 (−1) n−1 x n n 3 having same radius of convergence but different region of convergence both in R and Q p .Then we obtain another power series g(x) = having same radius of convergence both in R and Q p .
The paper has been oriented in the following way: Section 2 deals with some basic facts of the construction of p-adic field Q p . Section 3 is devoted to the study of p-adic valuation and region of convergence in p-adic fields. Section 4 is concerned with results and their proofs. Finally conclusion is given.
Some basic facts about p-adic numbers and p-adic fields
This section deals with the construction of p-adic field Q p just like obtaining real field R as the completion of rational field Q. For this purpose, the concept of absolute value on Q is defined as follows:
The usual absolute value on Q is a mapping |.| : Q → R given by (ii) |xy| = |x||y|
The usual absolute value |.| define a metric d :
x, y ∈ Q and with respect to this metric Q is a metric space. A Cauchy sequence in a metric space is a sequence where distances between two consecutive terms decreases. A metric space is complete if every Cauchy sequence in this space converges in it. The field Q is not complete with respect to the usual absolute value i.e., (Q, |.|) is not a complete metric space. For, the well-known sequence {3, 3.1, 3.14, 3.141, · · · } which is a Cauchy sequence in Q converging to √ 2 but √ 2 / ∈ Q. Now we complete Q with respect to the usual absolute value |.| which yields R. This is obtained by including all possible limits of every Cauchy sequences in Q with the space (Q, |.|). This is the way we get R from Q. Since completion of any field is again a field, the completion R is also a field. Now let us consider a different absolute value on Q other than the usual absolute value. Then what do we get? The answer is given by the following:
For every prime p we get an p-adic absolute value on Q associated with the corresponding p. Fix a prime p and choose a non-zero number x ∈ Q. Then x can be represented as
for b = 0 and p does not divide a, b. Then the p-adic absolute value on Q is defined by
For 0 ∈ Q, we define |0| p = 0. We can easily notice that |.| p maps into the discrete set {p n : n is integer} ∪ {0}.
Example 2.1. Some examples of p-adic absolute values on Q are given below:
From the p-adic absolute value we can define([1]) a metric d : Q × Q → Q + , where Q + denotes the positive rationals, on Q by
The p-adic metric measures distance in an unexpected way. For example,
Thus, we have |6879 − 4| 5 < |5 − 4| 5 , which implies that p-adic distance between two distant points becomes less than that between two nearer points. The important fact is that (Q, |.| p ) is not complete. But just like the process of completion of Q with respect to the usual absolute value |.|, we make completion of Q with respect to |.| p . For every prime number p, we get a completion of Q with respect to the associated p-adic metric. This completion is named as Q p .
Since Q is a field, its completion Q p is also a field, called the field of p-adic numbers or p-adic field. The p-adic absolute value |.| p satisfies the following:
We note that the condition (iii) also satisfies the triangle inequality as
Actually the condition (iii) is much stronger than that of triangle inequality and this is called strong triangle inequality or ultrametric triangle inequality.
The p-adic absolute value |.| p is also called non-Archimedian absolute value because for any any integer n,
i.e., |n| p ≤ 1.
Hence the field Q p is a non-Archimedian valued field. We know that all non-zero squares of an ordered field is positive. But the number √ −7 exist in Q 2 and its square is −7, which is not positive. Hence Q 2 is non-ordered field and in fact Q p is non-ordered field for every prime p.
Thus Q p is a non-ordered and non-Archimedean field.
p-adic valuation and region of convergence in p-adic fields
First we define p-adic valuation ord p by
For non-zero x ∈ Q, we have
In view of the above definition of p-adic valuation of x, we have
We can simply relate this fact with p-adic absolute value by
Example 3.1. Some examples of p-adic valuation are
Note that convergence of power series is a topological issue. Just like real or complex analysis, the Hadamard's formula ( [3] [5] [7] ) for radius of convergence of a power series holds good in non-Archimedian geometry and is stated as follows:
Let f (x) = ∞ n=1 a n x n where a n ∈ Q p . Define R ∈ [0, ∞] by the formula
= ∞ and
Now the natural question arises what can we say about the convergence of f (x) at x ∈ Q p when
The answer is given below:
Since |.| p is non-Archimedian, the series f (x) = ∞ n=1 a n x n in Q p converges if and only if |a n x n | p = |a n | p R n → 0 as n → ∞ and this depends on x. Thus f (x) may converge at x ∈ Q p with |x| p = R or f (x) may not converge at x ∈ Q p with |x| p = R. Hence the region of convergence of f (x) = ∞ n=1 a n x n is given by {x ∈ Q p : |x| p < R} or {x ∈ Q p : |x| p ≤ R}.
For any positive integer n, it can be expressed with respect to the base p in the following way
Then S p (n) denotes the sum of the base p digits b i , i = 0, 1, 2, 3, · · · , l of n as given below [3] :
The following formula for ord p (n!) by Legendre ( [3] [5]) will be used in this sequel:
where S p (n) is defined above.
Considering all the above informations as our necessary ingrediants we are on the way to find the radius of convergence of the power series
n! and let's see how it contrasts with the radius of convergence in Euclidean geometry .
The series f (x) =
n−1 x n n 3 has region of convergence {x ∈ R : |x| ≤ 1} in R but in Q p , we obtain the following:
n−1 x n n 3 has region of convergence {x ∈ Q p : |x| p < 1} in Q p with respect to the non-Archimedian absolute value |.| p .
Proof. The n th term of the series f (x) is a n = (−1) n−1 n 3
. If R is the radius of convergence, then by Hadamard's formula we get
Now we have the inequality 1 ≤ p ordp(n) ≤ n. Thus, we have
Hence we conclude that 1 R = 1 ⇒ R = 1. Now we will see what happen at x = 1. At x = 1, the series becomes
. Further we know that ∞ n=1 a n converges if and only if |a n | p → 0 as n → ∞. So,
does not tend to 0 always because when p does not divide n 3 , we can express it as
where p does not divide a, b. Therefore,
Hence the series f (x) =
n−1 x n n 3 does not converge at x = 1. Similarly, it can be shown that the above series does not converge at x = −1 also. Consequently, the series
n−1 x n n 3 in Q p has the following region of convergence {x ∈ Q p : |x| < 1}. This gives the result.
Again, the series g(x) = ∞ n=1 n 3 (3!) −n! (x − 3) n! has region of convergence {x ∈ R : |x − 3| < 6} in R, but we will see very contrast in Q p as proved in the following:
Proof. Suppose ρ be the radius of convergence of the power series g(x). Then by Hadamard's
Now we have 1 ≤ p ordp(n 3 ) ≤ n 3 . This gives us
Hence, we get 1
From Legendre formula, we have
where S p (3) can be evaluated when we fix p. For example, if p = 3, then S 3 (3) = 1. Therefore, we have finally
p−1 . In other word, the radius of convergence of the given series in Q p is p p−1 , which depend on p. Now we will test whether the given series converges
p−1 , the series becomes
. The p-adic absolute value of the n th term is given by
which does not tend to 0 always using the same argument as in Theorem 4.1. Hence the power series does not converge at the end point x − 3 = p For p = 3, the region of convergence is given by {x ∈ Q 3 : |x − 3| 3 < 3
This proves the theorem.
Main Results

Does the power series
∞ n=1 a n x n has same region of convergence and radius of convergence with respect to both usual absolute value and p-adic absolute value i.e., on R and Q p respectively? A partial answer of this question is given by the following:
Theorem 4.1. The power series ∞ n=1 a n x n has same radius of convergence in R and Q p if a n has the form a n = 1 n m or a n = (−1)
Proof. Let R be the radius of convergence of the power series ∞ n=1 a n x n in R. Then
Thus, we get R = 1. Next, we will see the result in Q p as follows:
Let R ′ be the radius of convergence of the series ∞ n=1 a n x n in Q p . Then
Now we have the inequality 1 ≤ p ordp(n l ) ≤ n k . This implies
Therefore, we have 1
Hence the radius of convergence are same in both cases i.e., R = 1 = R ′ .
The proof will be similar when a n = (−1)
n−1 1 n m . This proves the theorem. Theorem 4.2. The power series ∞ n=1 a n x n has same radius of convergence both in real field and p-adic field if a n = c l n m and p does not divide c l , where c l is some rational number.
Proof. At first we do calculation in case of real field i.e., with respect to the usual absolute value on Q. Let R be the radius of convergence, then by Hadamard's formula we get
Therefore, R = 1.
Now we calculate the radius of convergence of the given power series in p-adic field Q p i.e., with respect to p-adic absolute value on Q. Let R ′ be the radius of convergence with respect to the p-adic absolute value. Then by Hadamard's formula we have
Now since
, where r, s, p are coprime.
Therefore from above, we get
It implies
. Therefore the conclusion is that R = 1 = R ′ , which proves the result.
Next consider the generalised binomial expansion
where b is either real or complex number. The series converges or diverges according as |x| < 1 or |x| > 1 respectively, with respect to the usual absolute value.
Next, we note that Z p is the ring of p-adic integers, which is a completion of Z with respect to p-adic absolute value. The algebraic closure of Q p is denoted byQ p , the completion ofQ p is denoted by Ω p , which is a nice field in p-adic analysis and Ω p [[x] ] is denoted as the ring of formal power series over Ω p .
Let us define the open disc with radius r centered at 0 by D(r − ) = {x ∈ Ω p : |x| < r}. For b ∈ Ω p , define the follwing function:
which is similar of generalised binomial function. This may be termed as formal power series because we still do not know about its convergence and only know about its coefficients. Now we check the convergence of the power series above. We will consider two cases |b| p > 1 and |b| ≤ 1 differently. If |b| p > 1, then |b − j| p = |b| p , ∀j = 0, 1, 2, 3, · · · and so the |.| p value of the n th term of the power series will be
If r is the radius of convergence, then by Cauchy-Hadamard's formula, we have
Thus the region of convergence of the power series
depends on the number b.
If |b| p ≤ 1 i.e., b ∈ Z p , then we have |b − j| p ≤ 1, ∀j = 0, 1, 2, 3, · · · , and therefore
Then proceeding as above the radius of convergence of the right-hand series 
] is a ring of formal power series.
]. For this we need to show that the coefficient
, which represents the number of distinct combinations of n things chosen from a set of b objects and indeed this is a positive integer and hence a p-adic integer i.e.,
Next look at the fact that the function f (b) =
defined above is a continuous function from Z p to Z p . Also the ring of p-adic integers Z p is closed with respect to the padic topology obtained from p-adic absolute value. Then f (b i ) = Note that the condition b / ∈ Z is assumed because if b ∈ Z then the coefficients a n = 0 as n → ∞ and hence in that case the radius of convergence is ∞. respect to the p-adic absolute |.| p i.e., on the p-adic field is equal to 1. Therefore the radius of convergence of the power series is same with respect to both usual absolute value and p-adic absolute value.
Conclusion
We have investigated some special power series which has same radius of convergence with respect to both p-adic absolute value and usual absolute value in Q. That is, we have investigated some specific conditions of the coefficient of the power series which have same radius of convergence both in p-adic field Q p and real field R.
